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PATTERNS OF THERMOMAGNETIC CONVECTION
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An analysis of the thermomagnetic convection in a horizontal layer of magnetic ﬂuid
subjected to a spatially and symmetrical modulated magnetic ﬁeld is presented. Both
the magnetic ﬁeld and the temperature gradient are oriented vertically. The base state is
a convective one formed by a double vortex, which reﬂects the symmetrical modulation
and appears for any nonzero magnetic ﬁeld. Depending on the type of modulation,
diﬀerent shapes of convection rolls appear: either horizontally stretched convection rolls
for long-wave modulations or circular shaped ones for short-wave modulations.

Introduction. Fluidic systems, which are driven out of equilibrium by the
temperature dependence of the density of the ﬂuid, belong to the set of classical
pattern forming systems [1, 2]. By using a magnetic ﬂuid (MF) as a working
substance, new ways open up to generate patterns. Magnetic ﬂuids, which are
stable colloidal suspensions of ferro- or ferrimagnetic nanoparticles dispersed in
a carrier liquid, are superparamagnetic ﬂuids. Their magnetization generates a
magnetic force in interaction with an applied magnetic ﬁeld, which can drive the
system out of equilibrium, too. Thus, in a horizontal layer of MF subjected to a
vertical gradient of temperature and a vertical magnetic ﬁeld convection can be
triggered in two diﬀerent ways. A detailed description of the two processes can be
found in [3].
The study of thermomagnetic convection was started with the case of static
external magnetic ﬁelds [4–6]. The focus was directed to the interaction of the
thermomagnetic convection with the density driven one [4], where the resulting
ﬂow patterns of aligned as well as hexagonal and irregular oriented convection rolls
were visualized in [5, 6]. Widening the focus of interest, the modulations of the
magnetic ﬁeld were ﬁrst made with respect to time and lead to a parametrically
driven convection [7]. A drawback of this type of excitation is that frequencies of
the magnetic ﬁeld above 5 Hz are diﬃcult to implement limiting the prospects of
variable stimulation. Therefore, the idea of a spatially modulated ﬁeld appears,
where such restrictions do not appear. A spatial modulation is easy to accomplish
by placing sinus-like shaped iron bars in a constant magnetic ﬁeld. The generic
case of a symmetrical arrangement is chosen here, see Fig. 1, and studied in the
rest of the paper.
1. Governing equations. A laterally inﬁnite horizontal layer of an incompressible layer of a magnetic ﬂuid (density ρ, dynamic viscosity η) of thickness d
in the (x, y)-plane is bounded by two boundaries in the planes z = ±d/2. The
setup is heated from below with a temperature Tb for the bottom boundary, which
results in a temperature diﬀerence δT = Tb − Tt with respect to the top boundary
with the temperature Tt < Tb . The layer is placed between two sinus-liked shaped
iron bars, see Fig. 1, and the entire system is subjected to a constant external
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Fig. 1.
Symmetric arrangement of two sinus-like shaped iron bars (gray) beneath
and above a centered layer of a magnetic ﬂuid (black) subjected to a vertical external
magnetic ﬁeld Hext . The white area indicates air.

magnetic ﬁeld Hext = (0, 0, Hext ). Such a setup generates a nearly perfect vertical magnetic ﬁeld, which is modulated with the wavelength λ with respect to the
horizontal coordinate x. With the assumption that the magnetization M of the
magnetic ﬂuid depends linearly on the applied magnetic ﬁeld H, M = (μr − 1)H,
the magnetic induction is given by B = μ0 (M + H) = μ0 μr H. The relative permeability of the MF is denoted by μr , and μ0 is the permeability of free space.
The system is governed by the equation of continuity
div v = 0 ,
the Navier–Stokes equation in the Boussinesq approximation


∂v
ρ0
+ (v grad) v = −grad p + ρ g + μ0 (M grad) H + η Δv ,
∂t

(1)

(2)

and the equation of heat conduction
∂T
+ (v grad) T = κ ΔT .
∂t

(3)

The density at the mean temperature T0 = (Tb + Tt )/2 is denoted by ρ0 ,
the acceleration due to gravity by g = (0, 0, −g), the thermal diﬀusivity by κ,
and the linear dependence of the density on the temperature is given by ρ =
ρ0 [1 − α (T − T0 )], where α denotes the thermal expansion coeﬃcient.
To proceed with an analytical approach, the magnetic quantities inside the
ﬂuid have to be analytically approximated. Using the corresponding results from
[8], the magnetic induction (dimensionless quantities are indicated by a bar) is
given by
B̄x = sin(k̄x̄) (Bz̄) ,


B̄z =1 + cos(k̄x̄) E + Gz̄ 2 ,
with

(4)
(5)

k̄ 2 E
2πd
, B = −k̄E, G =
.
(6)
λ
2
The use of the lateral invariance in the y-direction allows to consider the xand z-directions of B̄ only. The dimensionless wave number is denoted by k̄ and
k̄ =
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two of the three constants in (4), (5) are determined by the condition that the
divergence as well as the vorticity of B is zero. Additionally, the assumption that
Gz̄ 2  E holds was used. The third constant, E, is a ﬁt parameter, which yields
a very good agreement with the numerical results for both components of B̄ in the
x̄ as well as in the z̄ direction, see Fig. 4 in [8].
Expressing the magnetic ﬁeld and the magnetization in (2) with the help of
(4, 5), the dimensionless equations for the components of v = (u, 0, w) and the
temperature T are:
∂ ū ∂ w̄
+
= 0,
(7)
∂ x̄
∂ z̄


 
1 ∂ ū
∂
∂
∂ p̄
+ ū
+ w̄
+ Δū
ū = −
Pr ∂ t̄
∂ x̄
∂ z̄
∂ x̄
(8)

μr − 1
2 2
+ Rm
E
k̄
sin(
k̄x̄)
E
cos(
k̄x̄)(
k̄
z̄
−
2)
−
2
,
2μ2r


 

 ρ0 gd3
1 ∂ w̄
∂
∂
∂ p̄
+ ū
+ w̄
+ Δw̄ + Ra T̄ − T̄0 −
w̄ = −
Pr ∂ t̄
∂ x̄
∂ z̄
∂ z̄
κη
(9)
μr − 1 2 
2 2
+ Rm
E k̄ z̄ E(2 + k̄ z̄ ) + 2 cos(k̄x̄) ,
2μ2r


∂ T̄
∂
∂
+ ū
+ w̄
T̄ = ΔT̄ .
(10)
∂ t̄
∂ x̄
∂ z̄
The Prandtl number Pr = η/(ρ0 κ) characterizes the ﬂuid, where the Rayleigh
number
gρ0 α δT d3
Ra =
,
(11)
κη
and its magnetic counterpart [7]
Rm =

μ0 K 2 δT 2 d2
,
κη

(12)

relate the destabilizing eﬀect of the magnetic force and buoyancy, respectively, to
the stabilizing eﬀects of viscous friction and heat conduction. All lengths were
scaled with d, the velocity with κ/d, the time with d2 /κ, the temperature with
δT , the pressure with (κ η)/d2 , and the magnetic ﬁeld with KδT , where
K = −(∂M/∂T )H
is the pyromagnetic coeﬃcient.
2. Base state. Since the Prandtl number of real magnetic ﬂuids is large
compared to unity [9, 10], the left-hand side of Eqs. (8, 9) is set to zero. As the
base state is a stationary one, the solutions for the diﬀerent types of modulation
have to be determined for the equations
0

=

0

=

0

=


μr − 1
∂ p̄
+ Δū + Rm
E k̄ sin(k̄x̄) E cos(k̄x̄)(k̄ 2 z̄ 2 − 2) − 2 , (13)
2
∂ x̄
2μr

 ρ0 gd3
∂ p̄
−
+ Δw̄ + Ra T̄ − T̄0 −
∂ z̄
κη
μr − 1 2 
E k̄ z̄ E(2 + k̄ 2 z̄ 2 ) + 2 cos(k̄ x̄) ,
(14)
+Rm
2μ2r


∂
∂
+ w̄
T̄ + ΔT̄ ,
(15)
− ū
∂ x̄
∂ z̄
−
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augmented by Eq. (7). These equations are supplemented by rigid boundary conditions for the velocity
ū = w̄ = 0 at z̄ = ±1/2,
(16)
and a constant temperature at the bottom and upper boundary, respectively,
T̄ = T̄t
T̄ = T̄b

at z̄ = 1/2,
at z̄ = −1/2.

(17)

In the following, the base state for a long- as well as for a short-wave modulation with its characteristic ﬂow ﬁeld will be presented.
2.1. Long-wave modulation. If the modulation length of the magnetic ﬁeld
is large compared to the thickness of the ﬂuid layer, i.e. k̄ = kd  1, the case
of long-wave modulation is given. Since this type of modulation was explicitly
analyzed in [8], only the major results shall be presented here shortly. For the longwave modulation, all relevant quantities X̄(x̄, z̄) are expanded in a pertubational
ansatz in powers of k̄, relevant to the z̄ dependence of X̄. The x̄ dependence is
modeled by cos(k̄x̄), cos(2k̄x̄) and sin(k̄x̄), sin(2k̄x̄), respectively. Inserting such
an ansatz and solving the resulting equations in consecutive order of k̄, the base
state is ﬁnally given by [8]


E
(4z̄ 2 − 1)(20z̄ 2 − 1)k̄ 3
, (18)
ūb (x̄, z̄) = − sin(k̄x̄) + sin(2k̄x̄) RmE(μr − 1)
2
1920μ2r

z̄(4z̄ 2 − 1)2 k̄ 4
w̄b (x̄, z̄) = cos(k̄ x̄) + E cos(2k̄x̄) RmE(μr − 1)
,
(19)
1920μ2r

T̄b (x̄, z̄) = T̄0 − z̄ − cos(k̄x̄) + E cos(2k̄x̄)

(20)
(μr − 1)z̄(4z̄ 2 − 1) 16z̄ 2 (5z̄ 2 − 4) + 19 k̄ 4
× RmE
.
2
1612800μr
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Fig. 2.
Plot of the ﬂow ﬁeld for E = 0.091, k̄ = 0.4, and a scaled temperature
difference of δ T̄ = 1 for APG 513A (ρ0 = 1.356 × 103 kg/m3 , α = 4.5 × 10−4 K−1 ,
η = 150 × 10−3 kg/(m s), K = 35 A/(m K), κ = 5 × 10−8 m2 /s). With Tb = 30 ◦C
and Tt = 20 ◦C, the Rayleigh number and its magnetic counterpart are Ra  63.8 and
Rm  82.1, respectively. The graph is taken from [8].
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For a vanishing magnetic Rayleigh number, the motionless base state with a linear
temperature proﬁle inside the layer is recovered. But the qualitatively diﬀerent
feature compared to the classical Rayleigh–Bénard problem is the nonzero ﬂow
ﬁeld (18), (19) for any nonzero magnetic Rayleigh number, see Fig. 2. For a
symmetrical arrangement of bars not only a nonzero ﬂow ﬁeld exists, it has even
the non-simple structure of a double vortex reﬂecting the symmetrical modulation
of the magnetic ﬁeld.
The shape of a single vortex is apparently stretched in the x-direction due
to the modulation with a long wavelength in order to fulﬁll kd  1. Thus the
wavelength of the sinusoidal variation of the magnetic ﬁeld strongly inﬂuences
the x extension of the vortex, which is much larger than the z extension (see the
diﬀerent scales in Fig. 2). In contrast to the presented convection rolls so far, it is
known from the classical Rayleigh–Bénard setup that their horizontal and vertical
dimension is equal [1]. That leads to the case of short-wave modulation, which is
studied in the following section.
2.2. Short-wave modulation. In the case of short-wave modulation, where
kd ∼ O(1) or larger holds, a pertubative ansatz is no longer possible. Therefore,
a much more general ansatz has to be made, which leads to a direct analytical
solution of the problem. One known feature of the ansatz has to be that it recovers
for Rm=0 the quiescent base state with a linear temperature proﬁle of the classical
Rayleigh–Bénard setup. An ansatz fulﬁlling this constraint is given by


E
(21)
ū = −Rm f1 (z̄) sin(k̄ x̄) + f2 (z̄) sin(2k̄x̄) k̄ n
2

(22)
w̄ = Rm g1 (z̄) cos(k̄x̄) + g2 (z̄)E cos(2k̄x̄) k̄ n+1

T̄ = T̄0 − z + Rm h1 (z̄) cos(k̄x̄) + h2 (z̄)E cos(2k̄x̄)
(23)

(24)
p̄ = j0 (z) + Rm j1 (z̄) cos(k̄x̄) + j2 (z̄)E cos(2k̄x̄)
with nine unknown functions f1 , f2 , g1 , g2 , h1 , h2 , j0 , j1 , and j2 . This general
ansatz shows that for ū and w̄ a whole set of solutions is possible since all n ∈
N satisfy the constraint. Inserting the ansatz into Eqs. (7, 13-15) leads to the
conditions
∂g1
∂ z̄
∂g2
f2 −
∂ z̄
2
h1
∂
g1 k n+1 − h1 k 2 +
∂ z̄ 2
∂ 2 h2
g2 k n+1 − 4h2 k 2 +
∂ z̄ 2
2
2
∂j1
∂ g1
(μr − 1)k E z̄
−
− k n+3 g1 + k n+1 2 +
+ Ra h1
∂ z̄
∂ z̄
μ2r
∂j2
∂ 2 g2
−
− 4k n+3 Eg2 + k n+1 2 + Ra E h2
∂ z̄
∂ z̄
2
∂
f
(μr − 1)k E
1
j1 k + f1 k n+2 − k n 2 −
∂ z̄
μ2r
2
2 2 2
E ∂ f2
(μr − 1)k E (k z̄ − 2)
2j2 k + 2E f2 k n+2 − k n 2 +
2
∂ z̄
4μ2r
f1 −

=

0,

(25)

=

0,

(26)

=

0,

(27)

=

0,

(28)

=

0,

(29)

=

0,

(30)

=

0,

(31)

=

0.

(32)

Thereby it is assumed that in the equation of heat conduction all terms, which
are quadratic in any combination of trigonometric functions, are small compared
179

A. Lange, S. Odenbach
to the terms, which are linear in them. By combining these eight conditions in a
cunning way, one ends with a diﬀerential equation of the 6th order for g1 and g2 ,
respectively. Since the general solution is quite lengthy to be presented here, only
its principal structure is given
g1 = −

Ek 3 (μr − 1)z̄
k n μ2r (Ra − k 4 )

(33)

+ C1 eαz̄ + C2 e−αz̄ + C3 eβ z̄ + C4 e−β z̄ + C5 eγ z̄ + C6 e−γ z̄ ,
g2 = −
+

Ek 3 (μr − 1)z̄
n
k μ2r (Ra − 16k 4 )
C7 ez̄ + C8 e−z̄ +

(34)
C9 e

ζ z̄

+ C10 e

−ζ z̄

ιz̄

+ C11 e + C12 e

−ιz̄

,

where the six diﬀerent exponents α to ι are complicated terms by themselves. The
six unknown constants in the general solution of g1 and g2 can be determined by
g1,2 (1/2) = g1,2 (−1/2) = 0,

∂g1,2 /∂ z̄

1/2

= ∂g1,2 /∂ z̄

−1/2

= 0,

and
h1,2 (1/2) = h1,2 (−1/2) = 0,
where the latter condition can also be expressed by g1 and g2 .
With the knowledge of g1 and g2 , all other remaining functions of the general
ansatz (21)–(24) can be determined. In this way, for the ﬁrst time an analytical
solution for the base state in a spatially modulated problem beyond the region
k̄ = kd  1 is formulated. Since the solution enforces no restriction on k̄, the above
solution is valid in a much wider range than solutions based on perturbational
approaches as given in [8, 11]. This extended range of validity is the second main
achievement beside the ﬁrst one, that it is an analytical solution.
For the same set of parameters as in Fig. 2, the ﬂow ﬁeld for a short-wave
modulation is calculated at the base of the functions f1 to g2 . As Fig. 3 shows for
k̄ = 2π, the characteristic feature of a double vortex structure remains. But the
horizontal dimension of the convection roll is now of the same size as its vertical
one, as one would expect from the basic convection pattern in the Rayleigh–Bénard
system. Thus the case of short-wave modulation emphasizes once more that the
structure of the ﬂow patterns follows directly the width of the modulation. If
one applies a long-wave modulation, the pattern is stretched in the x-direction
resulting in rather elongated rolls. Contrary, for a short-wave modulation, the
pattern is given by more circular rolls, compare Fig. 2 and Fig. 3 and note the
diﬀerent scales at the x-axes. Based on experimental observations [1], the system
prefers convection patterns with equal horizonal and vertical size. Therefore, we
assume that the appearance of a ﬂow pattern according to Fig. 3 in an experiment
is more likely than a ﬂow pattern according to Fig. 2.
Studying a single convection roll for the short-wave modulation in more detail,
it is apparent that the strength of the ﬂow ﬁeld in the vertical direction is of the
same order as in the horizontal direction. This visual observation from the arrows
in Fig. 3 is supported by the numerical data. The overall maximum of ū and
w̄ is nearly the same: maxx̄,z̄ {ū}  5.28 · 10−2 and maxx̄,z̄ {w̄}  5.32 · 10−2 ,
respectively, resulting in a circular shaped roll.
The visual impression of a convection roll for the long-wave modulation, which
is dominated by the horizontal ﬂow components (see arrows in Fig. 2), is supported
by the numerical data, too. The overall maximum of ū is about one order of
magnitude larger than the overall maximum of w̄: maxx̄,z̄ {ū}  5.55 · 10−4 and
maxx̄,z̄ {w̄}  3.45 · 10−5 , respectively, resulting in a horizontal stretched roll.
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Fig. 3. Plot of the ﬂow ﬁeld for a short-wave modulation with k̄ = 2π. Note the same
horizontal and vertical dimension of the convection roll in the double vortex structure.
The remaining parameters are those from Fig. 2.

To reach the base in experiments requires two steps, in principle. In a ﬁrst
step, a temperature diﬀerence has to be applied across the layer that only heat
conduction is present. In a second step, the magnetic ﬁeld is turned on and the
convective state will form. When the layer is heated from below and cooled from
above, i. e. δT is positive as considered in the governing equations, two consequences are apparent. First, the temperature diﬀerence cannot be too large even
for rather viscous magnetic ﬂuids in order to ensure the presence of heat conduction in the ﬁrst step of the experimental procedure. Second, an estimation shows
that the resulting temperature oscillations along the horizontal direction will be
in the range of millikelvin. Reversing the temperature diﬀerence, i.e. cooling from
below and heating from above, allows a greater diﬀerence in the applied temperatures, which results in larger oscillations of T along the horizontal direction. But
the temperature diﬀerence is limited from above by the condition for the solution
(33, 34) that all terms, which are quadratic in the trigonometric functions, have
to be small compared to the linear ones. Therefore, to ﬁnd a suitable set of experimental parameters for an implementation of thermomagnetic convection caused
by the short-wave modulations is a delicate task.
3. Summary. An analysis of thermomagnetic convection in a horizontal
layer of a magnetic ﬂuid subjected to a spatially and symmetrical modulated
magnetic ﬁeld is presented. For any nonzero magnetic ﬁeld, the base state is a
convective one in contrast to the classical Rayleigh–Bénard system, which is purely
thermally driven. The nonzero ﬂow ﬁeld of the base state is formed by a double
vortex, which reﬂects the symmetrical modulation from above and beneath the
layer of the magnetic ﬂuid. Depending on the type of modulation, the convection
rolls forming the double vortex appear in diﬀerent shapes. For the long-wave
modulation, the rolls are stretched in the horizontal direction, whereas for the
short-wave modulation circular rolls appear. The stability of this type of rolls,
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expected to be present in real experiments, against small disturbances has to be
tested by a linear stability analysis. To determine the lowest threshold of stability
in dependence on the parameter n in equations (21) and (22) will select the right
solution out of the whole set of solutions which are possible. That analysis and
further details are referred to forthcoming publication.
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